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SINGULAR LIMIT OF SOLUTIONS
OF THE POROUS MEDIUM EQUATION
WITH ABSORPTION

KIN MING HUI

ABSTRACT. We prove that as m — oo the solutions w(™ of uy = Au™ — uP,
(z,t) € R* x (0,T), T >0, m>1,p>1,u >0, u(z,0) = f(z) € LL(R") N
L (R™), converges in Li, (R™ x (0,T)) to the solution of the ODE v; = —vP,
v(z,0) = g(x), where g € L*(R"), 0 < g < 1, satisfies g — Ag = f in D/(R")
for some function g € L{S (R™), g > 0, satisfying g(«) = 0 whenever g(z) < 1
for a.e. x € R", [pgdz < C|E|*/" for n > 3 and [, |Vgldz < C|E|Y/2 for
n = 2, where C > 0 is a constant and E is any measurable subset of R™.

In this paper we will show that as m — oo the solutions u = u(™ of the equation
ug = Au™ — AP u>0, in R"x(0,7T),
(0.1) { u(z,0) = f(xr) >0,z € R", f¢& LY(R")NL>®R"),
where T > 0, p > 1, A > 0 converges to the solution of the following ODE:
{ v =— P in D'(R" x (0,7)),

02) v(z,0)=g(z), x€R",

where g € L*(R"), 0 < g < 1, satisfies

(0.3) g—Ag=f inD(R")

for some function g € LS (R"), g > 0, satisfying

(0.4) g(x) =0 whenever g(x) < 1 for a.e. x € R"
and

/ g(z)dx < O|E|2/n for n > 3,

(0.5) B

/ Vi@)|dz < ClE[Y?  forn =2
E

for any measurable set £ C R", where C' > 0 is a constant independent of F and
m > p.

When A > 0, equation (0.1) models the flow of gases through a porous medium
or thermal propagation with absorption where both the diffusion coefficient and
the absorption coefficient are powers of the concentration v [K1][K2][VW]. When
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A = 0, the above equation reduces to the well-known porous medium equation
[A][P].

For A = 0, Caffarelli and A.Friedman [CF] studied the asymptotic behaviour of
solutions of (0.1) and showed that the solutions of (0.1) converge as m — oo if f
satisfies (0.1) and the following conditions:

feC"insupp f,

f(0)>1,f. <0in R™\ {0} Nsupp f,
frog £0in R\ B1(0) Nsupp f  Vzo € Be,(0)

for some 9 > 0, where 1, = |z — o[, B,(0) = {z : || <r} and f,, is the radial
derivative of f with center at zg.

Their result was later generalized to the case of general f € L!(R™) by P.Bénilan,
L.Boccardo and M.Herrero [BBH] and P.E.Sacks [S2]. Recently X.Xu [X] proved
that one has similar result in the case of a hyperbolic equation. K.M.Hui [H1]-[H3]
also obtained similar results in the case of the generalized p-Laplacian equation, the
porous medium equation with convection term and in the case of equation (0.1) as
D — 00.

Our result shows that the diffusion term is negligible compared with the other
terms of the equation as m — oo. This is in sharp contrast to the case p — oo [H1]
in which the solution of (0.1) will converge to the solution of the porous medium
equation with no absorption term.

We will organize our paper as follows. In section 1 we recall some existence
and regularity results for equation (0.1) from [KPV] and [BC]. We will also recall a
uniqueness result for (0.3) from [BBC] and prove some technical lemmas. In section
2 we will first prove the convergence result for the case f € Cyp(R™). We then prove
our main convergence theorem by an approximation argument.

For simplicity we will assume that T'= 1 and A = 1 throughout the rest of the
paper.

We start with some definitions. For any open set Qg C R™, h € C(R), we say
that u is a solution (respectively subsolution) of (cf. [DK])

(0.6) ug = Au™ + h(u)

in Qg x (0,1) if (a) u is continuous and non-negative in Qy x (0,1), (b) u €
L*([0,1); L1 (Q0)) ﬂLOO(QO x (0,1)) and (c) u satisfies

(0.7) / / [ AR + u ]dmdt / / —dads + / undx
o0 Q -

(respectively >) for all bounded open set 2 C Qg with 9Q € C2, 0 <7y <7 < 1,
n € C®(Q x [r1,72]), n = 0 on 9N x [11, 7] where 9/9n is the exterior normal
derivative on 02 and do is the surface measure on 0f2.

If u is a solution of (0.6) in Qy x (0,1), we say that u has initial trace or initial
value du if

T2

hm/ u(x, t)n dx—/ndu Vn € C5° ()

We let p € C§°(R"), p >0, [p=1, and for any g we define

g* pe(x) = /ps(z -y)g(y)dy, €>0,
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where p:(y) = p(y/e)/e™. For any r > 0, 9 € R", let By(zo) ={x € R: |r—x0| <
r}. We will also assume 1 < p < m, and let u("™ be the solution of (0.1) for the
rest of the paper.

1.

In this section we will recall and extend some results of [BC]|, [BBC], [KPV] and
[S2]. We will also prove some technical lemmas that will be used in the proof of
the main theorem (Theorem 2.5) in section 2. We first recall a result of [KPV].

Theorem 1.1 (cf. Lemma 2.4 of [KPV]). If u{™, u{™ e L>=([0,1); L}(R")) N
L>®(R™ x (0,1)) N C(R™ x (0,1)) are solutions of (0.1) in R™ x (0,1) with ini-
tial values f1, fo € L*(R™) N L (R™) respectively, f1, fo >0, then

Q) [ = dtde < [ (5= R,
(i) [l = o < [ 15 fel(w)is

for all 0 <t < 1. Hence ugm) < uém) if f1 < f2. In particular the solution of
(0.1) in R™ x (0,1) with initial value in L*(R™) N L°(R™) is unique in the class
L*([0,1); LY(R™)) N L>=(R™ x (0,1)) N C(R™ x (0,1)).

Theorem 1.2. (0.1) has a unique solution

ul™ e L=([0,1); LY(R™)) N L®(R™ x (0,1)) N C(R™ x (0,1))

with
(1) /u(m)(a:,t)dx < /fda: V0 <t <1,
(ii) ™| oo (g x 0,1y) < 1Nl oo (-

Proof. The proof is similar to the proof of Theorem 1.3 of [H3]. We refer the reader
to [H3] for the details. |

Lemma 1.3. Let 0 < f < M with supp f C Bgr(0). Then the following hold.
(i) For any 6 > 0 and 0 < Ty < 1 there exists m’ > p depending only on M, R
and Ty such that

u™ (x,t) <146
and
(W)™ (a,1) <6

forallz e R", Ty <t<1l,m>m'.
(i1) There exist Ry > R and m’' > p depending only on M, R such that

(1.1) uW™(2,t) =0 Vx| > R,0<t<1,m>m.
Proof. The proof is similar to the proof of Lemma 2.1 of [S2]. We let
/m—1
L [ Cilal }
w(z,t) = ———— a4 — ————
(%) (t+to)n* { (t+to)?* | |

be the Barenblatt solution of u; = Au™ [HP], where
a2 = Olto—szz + Mm—ltg(m—l)k’
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k=1/(n(m—1)+2), C; = (m—1)/(2m(n(m — 1) +2)), to = C1 R?>/M™~1. Since
u(™) is a subsolution of u; = Au™ and u("™ (x,0) < M < w(z,0), by the maximum
principle,

u™ (x,t) < w(x,t) Yo e R",0<t<1.

Hence
2/m—1
(m) a
u'™ (z,t) < (T4 + to)/m172)
1 ( 20 R? )1/’”‘1
— gn/(n(m—1)+2 2/(n(m—1)+2
T) /(n( )+2) tO/( ( )+2)

Lo _ 21/m—1(ClR2)n/(n(m—l)+2)M2/(n(m—1)+2)
( . ) —= T]?’L/(n(m—l)+2)

—1 asm— o Vee R", T <t<1.
By (1.2),

2m/m—1 (ClRZ)nm/(n(m—l)-i—?)M2m/(n(m—1)+2)
Tlnm/(n(m—l)—&-Q)

ut™M™ (1) <

—0 asm— o Vee R, T, <t<1.
Hence (i) follows. We next observe that for each 0 < ¢ < 1,

supp u'™ (-, t) C suppw(-,t) C Bg,(0)

where
a(t + to)V/ (n(m=1+2) 2a
Ry = 12 < Rk
1 1
< 4R
- tl/(n(m—l)+2)
0
4R
. Af(m=1)/(n(m—1)+2)
< (ClRQ)l/(n(m—l)+2) M
< ARMY™  asm — .
Hence (ii) follows. O

Corollary 1.4. Suppose f is as in Lemma 1.3. Let Q0 C R™ be a bounded open set
with 9Q € C?, and let n € C°(R"™ x (0,1)). Then

/ / (m)m pdedt — 0, / / (m)m ndadt — 0 asm — oo
a0

forany 0 <m <1 < 1.

Proof. The corollary follows immediately from Lemma 1.3. O

Lemma 1.5. Let f € Co(R") and h\"™ (x,t) = fot u™™ (z, T)dr. Then {h(™},,5,
is uniformly bounded on R™ x [0,1). For any sequence {h\™)}2, m; — oo asi —
00, of {h™ }sp, there exist a subsequence {h(™D}2 of {R(™)}2 4 sequence
of functions {hi}3>, C L>®(R"™), g € L*°(R"™), hi, g > 0, supp hy, C Bg, (0) where
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Ry is as in (ii) of Lemma 1.3, and a sequence 1 > ¢e1 >¢e9 > -+- >0, e — 0 as
k — oo, such that
(13) {h(mg)(-,sk) — hi(-)  weakly in (L°(K))" asi— o0, Vk=1,2,...,
hi(-) — 9(*) weakly in (L (K))* as k — o0

for any compact subset K C R™. Moreover, g satisfies
14 {E(m) S Nf(x) < C(fllpr + [1fllzee) Vo € R", forn >3,

V()] < CA+ AT e + (1f =) Vo € R", forn=1,2

and (0.5) for any measurable set E C R"™ where C > 0 is a constant independent
of E and m > p, N(z,y) = colz —y|*>™, ¢n = 1/(n — 2)|B1(0)| for n > 3, and
Nf(z)= [ N(z,y)f(y)dy.

Proof. We first observe that by Lemma 1.3 there exist Ry > 1 and m’ > p such
that (1.1) holds. For n € Z* and any R > 0, n € C(R"), let Gg be the Green
function for the ball Bg(0) (AGr = —do),

Gr(z) = /B o, o)y

and let

t
qr(z,t) :/ w™™ (z, TVdr + Grul™ (z,t) — Grf(x / Gru™P(z, 7)dr.
0
Since u(™) is a solution of (0.1),

/ q(z,t)An(z)de =0 ¥y e C5°(Bgr(0)),0<t<1

Hence for each 0 <t < 1 qg(,t) is harmonic in Br(0) and satisfies gg(z,t) = 0 for
all || = R, R > Ry, by (1.1). By the maximum principle,

qr(z,t) =0 V|jz|<R,R>R;,0<t<1
Thus
(1.5)
t
R (2, 1) :/ uw™™ (2, 7)dr = —Gru™ (2,t) + Grf(z / Gru™P(x, 7)dr
0
for all [z] <R, R> Ry, 0 <t <1, m>m Since Gg > 0 and [Gr(z,y)dy =
(R? — |z|?)/2n, we have by (1.5),

<1l - / G, (. y)dy

2 2
<(BEE) 1

R
<_||f||L°° V] < Ry,0<t < 1,m>m'.
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Since h(™)(z,t) = 0 for all |z| > Ry, 0 <t <1, m > p, and
R (2, t) < (|| flle +1)™ Ve e R*,0<t<1,m >m>p.

{ntm)},,~, is uniformly bounded on R™ x [0,1) for all n € Z*. So any sequence
{nmd1ee of {hD},, - has a subsequence {h(™1:9)}2° such that {h(™1:9) (-, 1/2)}2,
converges weakly in (L®°(K))* for any compact subset K C R™. Similarly
{h(m1.0}2e  has {h(m21%°  such that {h(™24)(-,1/3)}32, converges weakly in
(L*(K))* for any compact subset K C R™. Repeating the argument {h(Mk)}%0
will have a subsequence {h(™#+1.}2 such that {h(™r+10) (- 1/(k + 2))}22, con-
verges weakly in (L°°(K))* for any compact subset K C R™ for all k = 0,1,.
where mg; = m; for alli € Z+.

The first part of the lemma then follows by a diagonalization argument as in
the proof of Lemma 1.8 of [H3], and (1.3) holds. Since (1.3) holds, we may assume
without loss of generality that for a.e. z € R™,

R (2 e) — hi(z) asi—oo Vk=1,2,...,
hi(z) — g(z) as k — oo.
To prove (1.4) we observe that for n > 3, by letting R — oo in (1.5), we have

™ (z,t) = —Nu™ (z,t) + N f(z /Nu(m (x,7)dr

S Nf(x) < C([fllz> + I11z)

forallz € R*, 0 <t <1, m>m/, where C > 0 is a constant independent of f and
m. The first inequality of (1.4) then follows by putting m = m}, t =€) and letting
i — oo and k — oo. For the second inequality of (1.4), observe that for n = 2 by
(1.5) we have

VA" (2,t) = —~VGru™ (2,t) + VGrf(x / VG ru™P (z, 7)dr

— —Nu'™ (z,t) + N f(z) /Nu(m (z,7)dr  as R— oo

= |VA™(z,1)] < L+ ”f”p_ ) | (/ " 1 y|u(m)(y,t)dy+/
R2 - R

(16) / /R g v )

forallz € R2, 0 <t <1, m>m' by Theorem 1.2, where

f(y)dy

2 |z — vyl

-1 z—y

Vo = e

and

~ -1 T —y
Nnp=_—- dy
7= or /32 Ifl?—yIQn( v)

for any function n of R2. Since

1 1
/ u™ (y, t)dy = (/ +/ ) ul™ (y, t)dy
R? |{E—y| lz—y|<1 lz—y|>1 |{E—y|

<C(flle= +Iflley) Vee R®0<t<1,
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where C' > 0 is a constant independent of f and m > p, we have
(17) VA" (@, )] < CA+[IF =) f o= + I fle2) Vo e R*0<t<1,

where C' > 0 is a constant independent of f and m > p. Hence for n = 2,
{Vh™) (2,1)} >, is uniformly bounded on R™ x [0,1). By a diagonalization ar-
gument there exist a subsequence {ex,} of {ex} and a subsequence {m]'} of {m]}
such that

Vh(m;,)(x,skj) — Vhy, (z)  weakly in L(K)* and a.e. 2 € R>  asi— o0
forall j =1,2,... and
Vhy, (z) — Vg(z) weakly in L®(K)* and a.e. z € R*  asj — oo

for any compact subset K C R%. Putting m = m}, t = e, in (1.7) and letting
1 — 00, j — 00, we get the second inequality of (1.4) for n = 2.
For n = 1, since u(™ satisfies (0.1),

/Rh(m) (x,t)n" (z)dz — /R</0t u™P (g, T)dT) n(x)dx

(1.8) :/ u™ (z, t)n(x)dx —/ fndz Vne C(R)
R R
= w7y =" ) +u™ ) —f nD(R) V<t<l
where
t
W™ (z,t) = / ul™P (z, 7)dr.
0
Since u(™ € Cy(R) by (1.1),
W 1)+ utM (1) — € Co(RM).
Thus h™)(-,t) € CZ(R) for all 0 <t < 1, m >m’. For any 29 € R, z¢ > —Ry, let
x—z
n() = (=R =2 = 2){(——)

where ¢ € C°(R) satisfies 0 < ( < 1,((s) =1ifs < -1,¢(=0if s >0, ' <0,
¢'(-1) =¢'(0) =0. Then 0 <np <1, n(xz)=1for —R; —1 <z < xp — ¢, and
n(z) =0 for z > xp or x < —R; — 2. Putting 7 into (1.8) and integrating by parts,

E /w PR (o ¢ (@ — 30) f)da + /R < /0 tu(m)p(zzr,T)dT>77(33)d33

€

=_ (m)
(1.9) /Ru (z, t)n(x)dx +/Rf77d$-
Since h(™) (., 1) € C2(R),
2/1:0_5 h(m)/(x,t)c/((x — xo/g))dx + h(m)/(l'o,t)‘
< é/ "R ) — R (o, )1 (i — 0) ) d

< sup R (2, t) — B (20,0)] - 0 ase — 0.

zo—e<z<xo
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Letting ¢ — 0 in (1.9), we get

Zo

R (20, 1) = / (W™ (2, 8) + u™ (2, t) — f(2))dw

— 00

Voo € R,O<t<1,m>m
(1.10)
= [ (@) <O = C+IFIIFIfll <oo Ve e RO<t<1,m>m,
Hence {h"™)(x,t)}n>p is uniformly bounded on R x [0,1). The second inequality

of (1.4) for n = 1 then follows by the same argument as in the case n = 2. We next
observe that since

1 1
—dy = + —dy
Elr =yl ENBr,(0) ENBR,(0)° |z —yl

1
S/ dy = 2|By(0)[/?| B[/
Br, (0) |z —yl

for any measurable set F C R? where Ry > 0 is such that |Bg,(0)| = |E|, we have

/E(/R2 |xiy|u(m)(y7t)dy)d:z: = /R2 (/E |xiy|dx>u(m)(y’t)dy

< 2|BL(O)]2 |1 f]l11 | B2,

Hence by (1.6),

6(1 n
[ v e < S 1 0y r2) 2
E s
for any measurable set E C R?. If we put m = m/, t = &, in the above in-
equality and let i — oo, j — 00, the second inequality of (0.5) then follows by
Fatou’s Lemma. Similarly the first inequality of (0.5) follows by integrating the
first inequality of (1.4). The lemma is proved. |

We next recall a result of [BBC] and a result of [BC].

Theorem 1.6 (cf. [BBC]). For any 0 < f € LY(R"), there exist at most one
functiong € L', 0 < g <1, ||g|lpr < ||fllz1, and at most one function g € L, (R™),
g >0, satisfying (0.3),(0.4),(0.5).

Theorem 1.7. There exists a constant C > 0 depending only on || fllp1, ||fllLe,
p, and independent of m > p, such that

/ ™ (2, + ) — u™ (2, 8)|de < %

forall0 <t<t+h<1,0<h<t/2. Henceu'™ € C((0,1); L'(R™)).

Proof. The theorem follows directly from the proof of Theorem 4 and Theorem 7
of [BC]. O
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2.

In this section we will use an adaptation of the argument in [H3] to prove the
main theorem. We will first state a preliminary version of the main theorem.

Theorem 2.1. Let f € Co(R™), f > 0. For any subsequence {u(™)}2 m; — oo
as i — 00, of {u(™},s,, there exist a subsequence {u(™)}22, of {ul™)}22, and a
u(>) € C((0,1); LY(R™)), 0 < u(>®) < 1, such that

w™) — 4 in L} (R™ % (0,1)) as i — oo.

Moreover u'™) satisfies v, = —vP in D'(R™ x (0,1)) with initial value g € L*(R™),
0<g<1,|lgllcr = fllzr, satisfying g — Ag = f for some function g € L°(R™),
g > 0, satisfying (0.5) and (1.4).

Proof. The proof is similar to the proof of Theorem 2.1 of [H3] and Theorem 1 of
[S2]. Since by Theorem 1.1,

/ ™ (& + @0, ) — ul™ (x,t)|dx
S/ |f(z+2z0) — f(z)|dx Vo€ R",0<t<1

by Lemma 1.3(ii) and Theorem 1.7 {u(™)},,~, is precompact in L}, (R™ x (0,1)).
Hence there exist a function u(*) € L'(R™ x (0,1)) and a subsequence {u(™)}2°,
of {u{™)}2° such that {u(™)}2°, converges to u(>) in Li, . (R" x(0,1)) as i — oo.
Without loss of generality we may assume that «(™) — u(>) in L} (R" x (0,1))
and for a.e. (x,t) € R™ x (0,1) as i — oo. Then 0 < u(>*) < 1 by Lemma 1.3.

We claim that u(°®) € C((0,1); R™). To prove the claim we observe first that by
Theorem 1.7, V0 < 71 < 73 < 1, there exists C' > 0 such that

(m;) N (mg) de < C r_
u ZT,s u x,Ss X S S
2.1) /n | ( ) (z,5)|dz < C( )

Vi <s<s <m,0<s —s<s/2icZT.

For any ¢, t' satisfying 71 <t <t <7, 0 <t —t <t/4, we let

ho =min| t — -t —t/ t st
= 1, T .
0 1,72 ) 5 5

Note that 3t — 2¢' > 3t — 2(5¢/4) = ¢/2 > 0. Then for any 0 < hy, hy < hog,
s€({t—hy,t+h1),s € —ha,t' +ha), wehave 11 < s < s’ < 79,

s'—s>t'—hy—(t+h) >t —t—2ho >0

and
3t — 2t/ t+t
s’—s<t’+h2—(t—h1)<t’—t+2h0<t’—t+2( = );Jg
s t—hy t—3=2 4y
— > 5 >4 —g.
= 2> 5 > 5 5 >3 S
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Hence (2.1) holds for all |s — ¢| < hq, |¢' —t/| < he. By integrating (2.1) over
|s —t| < hq, |s" = t| < ho, we have

t’ +ho t+hq
/ / / |ul™) (2, 5") — u'™) (z, s)|dedsds’
t ¢ n
t’ +ho t+hq
/ (s' — s)dsds’.
¢

Henceforalln<t<t’<7'2,O<t’—t<t/470<h1,h2<ho,

t’ +hs t+hq
/ / / — u(®)(z, 5)|dzdsds’
t— ¢ "
t +h2 t—‘rhl
/ / / (z,8) — u™)(z, s")|dedsds’
t— ¢ "
t +ho t+hy
/ / / [ (2, 5") — u™) (z, 5)|dedsds’
t— t n

t +h2 t-‘rhl
/ / / [ (2, 5) — ) (z, 5)|dadsds’
t/ n

t +h2
<2h1/ / (z,8') — ul™) (z, s")|deds’
t/ n
t’ +hs t-‘rhl
+C / (8" — s)dsds’

t-‘rhl
+2h2/ / [ (2, 8) — ul®®) (x, s)|dxds.
t n

Since by Lemma 1.3, there exists Ry > 0 and m’ > p such that (1.1) holds, it
follows that u(") — 4() in L*(R™ x (1, 7)) as i — oo. Hence by letting i — oo,
we get

t “+ho t+hy t +ho t+hy
/ / / (2,8") — u'™ (2, s)|dzdsds’ < C / (8" — s)dsds’
t/ n

for all T <t<t <m0<t—t<t/4 0< h, hQ < hy. D1v1d1ng both
side by 4hihe and letting first hy — 0 and then hy — 0, we get, by the Lebesgue
differentiation theorem [St],

(2.2) / ) ) o a, ldr < O 1)

fora.e. t/,t, 7 <t <t <1y, 0<t—t<t/4 Byredefining u(>) on a set of measure
zero if necessary, we can assume without loss of gencrality that (2.1) holds for all
t', t satisfying 7y <t <t <1, 0 <t —t < t/4. Hence ul>) € C((0,1); L}(R")).

Putting h(u) = —uP, v = u™) in (0.7) and letting i — oo, we find that u(>°)
satisfies

1
(2.3) / /(vm —vPn)dxdr =0

0o Jo

for any bounded open set Q C R" with 9Q € C?, n € C>®°(Q2 x [0,1)), n =0 on
9Q % [0,1) and 7(-,t) = 0 for t close to 0 and 1. Slnce u(>) € C((0,1); L*(R™)), by
putting

t—TQ Tl—t

n(z,t) = ¢z, t)¢( )¢( )

9 9



POROUS MEDIUM EQUATION WITH ABSORPTION 4661

into (2.3), where ¢ is as in the proof of Lemma 1.5, 0 < 71 < 7o < 1, ¥ €
C>(2x10,1)), » =0 on 90 x [0,1), and letting ¢ — 0, by the same argument as
the proof of Theorem 3.2 of [DKe] we get that u(>) satisfies

:2 = /7-:2 /Q(’U’g/]t — vPy)dadr

for any bounded open set 2 C R"™ with 9Q € C?, ¢ € C*°(Q x [11,72]), ¥ =0 on
o) x [Tl, 7'2].

To show that g satisfies (0.3) we let h(™ be as in Lemma 1.5 and Q be a
bounded open subset of R" with dQ € C?. Then by Lemma 1.5 there exists a
constant C; > 0 such that ||h(m)||Loo(Rn><[0)l)) < C; for all m > p, and there exist a
subsequence {h(™)}2 | of {A(M)}2 a sequence of functions {hy}2, C L>®°(R™),
g€ L*(R"), hg, g >0, and a sequence 1 > &1 >¢eg > -->0, ¢, — 0 as k — oo,
such that (1.3),(1.4), and (0.5) hold.

Since by Theorem 1.2,

(2.4) /Q vipdz

/ u™ (g ep)de < | f(x)dw, Vi k=1,2,...,
n R
letting ¢ — oo, we get by Fatou’s Lemma,
/ W (@ e)de < | f(a)dz, Vk=1,2,....
n R™

Hence there exists a subsequence {u(>)(x,e;)}5%, of {u(®)(x,ex)}3°, such that
u(>®)(z,e}) — dp weakly in L'(R"™) for some measure du € L*'(R™). Since 0 <
uw(®) < 1, we have dyu = gdx for some function ¢ € LY(R") with 0 < g < 1,
lgller < ||f]lz:. We may assume without loss of generality that u(*®)(z,e;) — ¢
weakly in L'(R"™) as k — oco. Putting 71 = &, in (2.4) and letting first k& — oo and
then  — 0, we get

}ir%/u(oo)ndx = /gnda: Vn € C5°(R™).

Putting h(u) = —uP, u = u(™, 75 = g, m = m/, in (0.7) and letting first 7, — 0
and then i — oo, we get by Corollary 1.4 and Lemma 1.5,

/n hi(z)An(x)dz — /Osk /n u(P (., 7)n(x)dzdr
= /Rn u™ (z, e )n(x)da —/Rn fndx

for all n € C°(R™), k =1,2,.... Letting k — oo, we get by Lemma 1.5,

(2.5)

g—AG=finD(R")

for some function g € L*°(R™), g > 0, satisfying (1.4). Let R; > 0 be as in (ii) of
Lemma 1.3 and let ¢ € C§°(R™), 0 < ¢ < 1, be such that ¢(z) = 1 for |z| < Ry +1,
Y(x) =0 for |x| > Ry + 2. Since supp hy C Bg, (0) by Lemma 1.5 and

supp u™ < Bg,(0) = supp ul® C By, (0)
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putting n = % in (2.5) we have

/ / w0 (g, 7)dxdT —/ u(>®) (z, e )dx — fdx
n n Rn
= / gdr = fdx as k — oo.
n R’Vl

This completes the proof of Theorem 2.1. O

Lemma 2.2. If u(®) and g is as in Theorem 2.1, then for a.e. x € R",

t

(2.6) ) (z,t) — g(x) = —/ uw(P(z,5)ds YO <t <1
0

and

(2.7) lim uw(™) (2, 1) = g(x).

Proof. Putting ¢ (z,t) = p.(y — ) in (2.4) and letting first 4 — 0 and then ¢ — 0,
we get (2.6). Since 0 < u(>®) < 1, (2.7) is a direct consequence of (2.6). |

Lemma 2.3. Let f, g, g be as in Theorem 2.1. Then (0.4) holds.

Proof. Let u(m;), u(®) be as in Theorem 2.1, and let v(™) be the solution of
v = Av™ v >0, in R™ x (0,1),
{U(x,O) = f(x) Vz € R™.
By the result of [BBH], there exists g1 € LY(R"), 0 < g1 <1, g1 > 0, satisfying
- A§1 =f in D'(R"),
=0 whenever g;(z) <1 a.e. z € R",

/ngl Rnf

and 0™ (x,t) — gi(z) in L'(R™) uniformly in ¢ on compact subsets of (0,1) as
m — co. Since ul™) satisfies u; < Au™, by the maximum principle,
u™ (z,t) < o™ (z,t) V(x,t) € R" x (0,1)
= u® (z,t) < g1(z) ae zeR",0<t<1asm=m};— oo
= g(z) < g1(x) ae. z€ R"ast— 0.

Since [n, gdx = [g, fdr = [5. g1dz, g(x) = g1(z) a.e. x € R". Thus g = g, and
the lemma follows. O

As a consequence of Theorem 1.6, Theorem 2.1, Lemmas 2.2, 2.3, and the unique-
ness of a solution of the ODE (2.6),(2.7), we have

Theorem 2.4. Suppose f € Co(R™), f > 0. Then there exists a unique function
u(>®) € C((0,1); R"), 0 < ul®) <1, such that u(™ — u(>) in L] (R" x (0,1)) as
m — o0o. Moreover u(®>) satisfies (0.2) with initial value g € L*(R™), 0 < g < 1,
lollacary = Iflosy satisfying g — AF = f for some function § € L=(R"),
g > 0, satisfying (0.4),(0.5), and (1.4).

We are now ready to state and prove the main theorem.
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Theorem 2.5. For any f € L' (R") N L>®(R"), f > 0, there exists a unique
function u(>) € C((0,1); R*), 0 < u(>®) < 1, such that u\™ converges to u(>)
in Llloc(R" x (0,1)) as m — oo. Moreover u(™) satisfies (0.2) with initial value
g € L'(R"), 0< g <1, llgllrinny < Ifllzr(rn. satisfying g — Ag = f for some
function g € LSS (R™), g > 0, satisfying (0.4) and (0.5).
Proof. The proof is a modification of the proof of Theorem 2.10 of [H3]. We first
choose a sequence {f;}32; C Co(R") such that ||fj|lrern) < [IfllLern) + 1,
I fillcrrmy < I fllLrrny +1forall j =1,2,..., and || f; — fllL1(gr) — 0 as j — oo.
For all j =1,2,..., let ug-m) be the solution of (0.1) in R™ x (0,1) with initial
value ugm) (2,0) = f;(x) and let u(>) be the unique function given by Theorem 2.4
such that ugm) — u(oo) in Li (R™x (0,1)) as m — oo. Then u(oo) satisfies (0.2)

loc

with initial value g; 6 LY(R™), 0 < g; < 1, satisfying

/ 95 = / fi < / fdx +1,
— Ag; = in D'(R™) for some g; € L™(R"),g; > 0, satisfying (1.4), (0.5),

gj( x)=0 Whenever gj(x) <lae ze€R"

for all j = 1,2,.... As in the proof of Theorem 2.1, by Theorems 1.1 and 1.7
{u™}n>p is precompact in L}, (R" x (0,1)). Thus any subsequence {u(™)}92
mi — 00 as i — 00, of {u("™},,~, has a subsequence {u("™)}22, such that u(") —
w™) in Ll (R™ x (0,1)) and u(™)(2,t) — u(>)(x,1) a.e. (x,t) € R* x (0,1) as
i — oo for some function u(>) € LY(R™ x (0,1)). By Theorem 1.1,

/ |u§m§:) — w9 (2, t)dx g/ |fi — fl(z)dx Vi,j=1,2,...

T2
(m)
(2.8) = / /n |uj —ul
T1

S(Tz—ﬁ)/ Ifi — fl(x)de YO <7 <71 <L.

™) |(x, t)dwdt

Letting ¢ — oo, we get by Fatou’s Lemma,
(2.10)

/Tz/n (@) _,,( )|(x,t)dacdt§(T2—Tl)/n|fj—f|(;v)d;v—>0asj—>oo

forall0 <7 <71 <1.

Hence ©(*®) is the limit of the functions {u; (R"x(0,1)) as j — oo.
Thus (> is unique and 0 < u(*) < 1, since 0 < u§ ) <1 for all j =1,2,....

Putting v = u( ) in (2.3) and letting j — oo, we see that u(>) satisfies (2.3).
We next claim that u(>) € C((0,1); R*). To prove the claim we first observe
that by the proof of Theorem 2.1 there exists a constant C' > 0 independent of
j = 1,2,... such that (2.2) holds for ug-oo) for all j = 1,2,.... For any t, t’
satisfying 0 < 71 <t <t/ <12 < 1,0 <t —t <t/8, we let

ho = min| t t V-t 5t— 4t
= — T, Ty — )
0 1,72 ) 2 ) 9

(e )}oo 1 in Lloc
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As in the proof of Lemma 1.5, for any 0 < hy, he < hg, s € (t — h1,t + hy),
s € (t' — ha,t' + hy), we have 11 < s < 8’ < 13,0 < s —s < s/4. Hence for any ¢,
t' satisfying 0 < 7y <t <t/ <719 <1,0<t —t<t/8, we have

/ |u§°o)(x, s') — u(oo)(x, s)|dx < C(s' — s)

J

V|S—t|<h1,|8l—t/|<h2,j:1,2,...

t’ “+ho t+hq
/ / (OO) (2,5 u;m)(x,sﬂdxdsds’
t n

t-‘rhg t+hq
/ (s' —s)dsds’ Vji=1,2...
t

t’ “+ho t—‘rhl
/ / [l (2, 5") — ul™) (z, s)|dedsds’
t n

t +h2 t+h1
/ / / - UE'OO) (z, 3/)|d$dsds’
t'— t n
t’ +h2 t+h1
/t’ /t /n - UE'OO) (z, S)|d$dsd5/
t’ +h2 t+h1
/ / / > (2, 8) — u™) (2, 5)|ddsds’
t— t n

t +h2 t+h1
/ (8" — s)dsds’ + 8hihal| fj — fl|L1
t

t +h2 t-‘rhl
/ (s' — s)dsds’ asj— oo
t

by (2.10) for some constant depending on || f||z1, || f]lz= and 71, 72. Dividing both
sides by 4hihs and letting first Ay — 0 and then hy — 0, we get by Lebesgue’s
differentiation theorem that (2.2) holds for u(*), 7 <t <t < 1,0 <t —t < t/8.
Hence u(*) € C((0,1); L'(R™)). By the same argument as the proof of Theorem
2.1, u(*) satisfies (2.4) and has an initial trace g, 0 < g < 1; and [|g 1 (gn) <
|l fllL1(rny by Theorem 1.1.

We will next show that g; — ¢ in L'(R™) as j — oc. Observe that, since both
u{™ and ) € C((0,1); L'(R™)), dividing both side of (2.10) by (» — 1) and
letting 70 — 7, — 0, we get

(2.11) / |u§°°>—u<°°>|(z,t)dxg/ = fl(@)de YO <t<1,j=1,2,....

Since for a.e. x € R™, lim;_ou(®)(2,t) = g(z) and lim; o ug-oo)(x,t) = g;(z) for
all j = 1,2,... by the argument of Lemma 2.2, letting ¢ — 0 in (2.11) we get by
Fatou’s Lemma,

[ o= gl < [ 17 fleads —0asj - .
R™ R™
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Hence g; — g in L'(R™) as j — co. By passing to a subsequence if necessary we
may assume without loss of generality that g;j(z) — g(x) a.e. z € R™. We next
observe that since g; satisfies (1.4),

Cll filloo + 1£5021)
Cllflloo +Ifllr +2) VeeR"n>=3,j=12,...,

gj(x) <
<

for some constants C' > 0. Hence {g;}52, is uniformly bounded in R" for n > 3
and there exist a function g € L*°(R") and a subsequence {gj, }32, of {g;}72; such
that g;, — g weakly in (L>°(K))* for any compact subset K of R™, n > 3. Without
loss of generality we may assume that g; — g weakly in (L°°(K))* for any compact
subset K of R™ and a.e. x € R™ as j — o0.

For n = 1,2, since

VG| < OO+ FIED U fillne + 1 fillz) Vi=1,2,...,
(2.12) <CRHNFATD U e + £l +2) Vi=1.2,...

by (1.4), {g; 524 is uniformly Lipschitz continuous. Hence by the Ascoli Theorem
either {g;}2%, has a subsequence (which we may assume to be the sequence itself)
that converges uniformly on compact subsets of R™ to a continuous function, or
g;j(z) — oo for all x € R™ as j — oo for n = 1,2. We claim that the latter case is
not possible. To prove the claim we let g = lim;_. g; and let

E={zeR":gj(z) — g(x) and g; — g(z) as j — oo},

E, = U{a: € R": gj(x) < 1andg; # 0},
j=1

Ey=En{g<1}\ Es.

For any z¢ € Ey, since g;(zo) — g(z0) < 1 as j — oo, there exists jo € Z1 such
that g;(zo) < 1 Vj > jo. Since z¢ ¢ E1, gj(zo) = 0 for all j > jo. Letting j — oo,
we have g(xg) = 0. Since |{g < 1}\ Eo| = 0 and |F;1| = 0 by Lemma 2.3, g(xo) =0
a.e. zg € {g < 1}. Since [ g < oo, |[{g < 1}| > 0. Hence there exists ¢ such that
g(zo) = 0. Thus the claim follows. Hence g; converges uniformly to g on every
compact subset of R" as j — oo for n =1,2. Thus g € L (R"), g > 0, and (0.4)
holds. We are now ready to show that g, g satisfy (0.3) and (0.5).

Since {|Vg;|}32; is uniformly bounded in R" for n = 1,2 by (2.12), we may
assume without loss of generality that for n = 1,2,

Vg; — Vg weakly in (L>(K))* and ae. € R" asj— oo.

Putting g = g; in (0.5), and letting j — oo, we get by Fatou’s Lemma that (0.5)
holds for g.
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We next observe that by Theorem 2.1, u!> satisfies, for all n € C§°(R™), 0 <

t<1,

=

=

J
¢
/ ﬁjAnd:z:—/ / ug-oo)pnda:dr:/ ugoo)(z,t)n(z)dz— findx
Rn 0 JRn Rn Rn
¢
/ ﬁAndar—/ / uwPydxdr
R'Vl 0 n
= / u(>®) (z, t)n(z)dx — fndx as j — o0
" Rn

/ gAndx = / g(x)n(z)dx — fndx ast— 0
n n RTL
g—AG=f in D'(R™).

Hence (0.3) holds. By the same argument as the proof of Lemma 2.2, () and ¢
satisfy (2.6) and (2.7). The theorem then follows from Lemma 1.5, Theorem 1.6

and the uniqueness of a solution of the ODE (2.6), (2.7). O
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